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Periodic Heterogeneous Vehicle Routing Problem With Driver
Scheduling

Ellis Manliana Penggabcrnr, Herman Mrrlcrrgkant', Zeinal Azis3, Rine Filia
Srri{
r(iraduate lihool of Mathemalics- lJni\ ersit] of Sufiratera lrtara
: Dcpartnrcnr of Mrthcrnatios. Ud\sriitl o[ Sunatera tjtara- Mcxlan. Ln&rnesra
runi\qsit!' ol'Muhammsdi)-ah Surnatera Utora. Mc<Ion, lndorpsra
rlslamic state Unr\crsitr'. Medan. lndonesn

-\bstrrct -l 
he paper derelops a m(xlel lilr lhc oplimal man3gcmcnt ol logistic delircn ol a

gi\cnconlm(xlih-lheconrpanr'hasrIllircnlt\I-_oI\chidlcs\\ithdlll'c'cnIcrpacrnt)dclI\.cr
ihc c.rnrn,xliN. tirr cusromcrs thc problcn is thcn callgl Pc.i(xhc llclcroscncons Vehiclc

Routrng Prt$icm (PlIVRP) 'thc g(ul is to schcdulc thc dcli\cricrs accordin-q l(' ltnsiblc

combin-ations ol delirer\. do|s and t() delermine lhc schcdrlrng ()l-llecl and dri\ cr and roulrng

Jrclicies !'l lh. \chiclcJ 'l.hc objeclil.e is lo minimil€ lhc iu rn of lhe coslj ol.llll r({les o\.cr lhc

plaooing horIz,r,l' Wc prolxlsc a conrhincrl approach ol.hcuristie algorithn| ,nd e\]ct clh(xl tll

v)lve lhc problem.

Kelrords: Vehrclc rouling Prohlcm. *heduhng. co bined approach

l. lnlrcductiDn E
lih" classiool Vchrcl" Rourrng t,()blcn (Vru)) is partrcul.rll mtcntlcd t. determrne afl opttnal routing

olan for a flect of horncS,eneous rehtcles such that to sltisl,r thc nccd of a scl of custonrers Ar thc

lu.r, uf'thr* lo*rsfr6roilcrn rs Jcrrrcd liom lhc conccpl o1 l larniltonian graph it is Irccssarilr lo

,*i'." 
".','r,l,,i'n- 

ihat eact@ehicle route starts and ends al the siarttuL print- and each customer is

,ii"'i,"a oo" trl.one 
'ehicle 

linc" thcn rnan' rcsearchers have heen uorking in this arca to discorer

rrc\ \ariants ax.l ncs rnethtxlok,ges. fhcrc arc a number o[ rtll\c\ call bc lirund rn litcraturc l'trr

VRP. such as. t ll. t2l. l3l. [al. anrl krols I5l- [01.

tn lrt"roiur" iL"r" ui" sonrc roriants ol VRP uhich are groupe'l accordlng to spcollic constrttnts

Surnc of the \cll km[r'n |ariants arEr Caf[citated VRP (CVRI')' tlre \thicles are restricted to carl'

iiiii"a "rp.nt, 
VRI'1\ith time \in.lo\i (VRI'|'W) cach custorner is scrrcd \ithin a dclined tinrc

frr,r". ,nu'ltipl" .l"J*rtri vRl'(MI)VRI'). in this rariant grxrtls can hc dcli\cred lo i1 customer liom a sct

,rl Jcnrts: Vil l' rr rilr trrck'up anrl ,lclr!cn' I V ll I'|l ) l. El.l(ls rltrl ort lr n':cJ to I'rought lrorn tltc Jcpot trt

i,* .ir-t",*,-. tui ,t'',, ,nu*r ,-( ptclc,J-up,rt I nuntfor oi ctrslorttcls urrd h .'ught hicl l(r thc Jefxrt

l;krng iri.' accoturl sc\cral duvs ol' plarming tbr routing problcus is anothcr lariant o[ thc VN)'

krxlrri as thc prrt drc VRI' (l'VRl') 6''"'-iil;vlri;-,r,,rri,ioiir"n$rehorizrrrr.thcrcisi-set.lcust.mersnDc'dstobevisiiedonccor

sereral times 'lhcrc rrouli 1,,: a iisiting schedules asxrciated r$ith caah cttstomer' A lleet of lehicles

is availatrle anl each rchiclc lcaves tire .leJx't' s€n es a set of cukrmers' $hcn its \ork shift or

caoacih ts \'ct- relurns to the depof The prohlcrn is to miniruzc thc tohl length of thc routes

;fii*'tt il; ;;. nn rl--.^ 
'tir,* h"riz., This goblem is \cn rmlx)nart t, rcal *.rld

Dmeil:r :,

Rttlit d undq ltcttr E br-' loP lbhlidtug Ltd

Conknt fnrn lhi\ q('t m.y b. LEd tlds lht tsllF of ECr'ativ'ComB'EAnrih'tioo l'0 tic4c Any llnlEr di{nhnioo

"t,ii" "*r 
** ,"i*i" 

"u.itutin 
to th. d n(r| end a|. tileo{ E *dt' j@m't cn{k' ald ml'
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apphcatrons. such as. drstnhution I'rx bakery comJranics l7l. bl(Ed P(xluct distrrhutnr[ llll. or prck-up
ol.ru\r'matcrialsl.oramnIulaclurcol.aut(nfi)bilep{rls|9|

n sur'\'c\ on I)VRI).lnd rls c\tcrsiorrs can h. lirund in {l(ll l)uc lo t[x.: colrrplc\rt\ ol'lhc
problem nx)st of th€ $ork5 pcsent hewistic approachcs. ne\urtheleis I I ll 1@Jxrscd alr esact nrctlxxl.

The extensioo of the VRPaddre*icd a ctrmbincrl ol'hcuristic and exact liEt}l(xl lbr PVRI)

(2017) propsc appoach ;olr.rng I IVRP $ uldo$s \ulh multi-rlcprt
ond tirnc{epm&nt.

Notc thal all thc llrcraturc suncr ol' I IVRP mcntionul in tho prclirus Jaragraph &r not inrohc
PVRP I'his paf,er propses a rmdel of HVRP in thich that the cust(mer can be risited more tlran

once. and tlrcre \\ould be a r*hedule for r isitirg customers.
1'his paJrr is organiz.eJ as follolr's. Section 2 describes the poblem definition and drc

rnattErnatic.l modcl. Scr:tion 3 pcsrnts thc t'easible rrigfibourh<xrd hcurigic scarch. Thc algorithm is

&scribed in filction 4. Iinalll- So,tion 5 &soribcs thc conclusions

1 Problcr Forurlrtlon
The decision of the Jroblem is tind the l'easible transpoftation tour of a cerlain qp of rehicle sueh

out to minimizc the orcrall oFrating cosS. In order to ease the Foblem. it is rpcesssry to risualize

thc poblem using gaph. Id f = (i.A ) be a dirertcri gaph. strcrc;= [0. l. '.' . r'] is the lcrtcx

s€t and A = lti.1 i.i e _: - i *,t) is the set ofarcs. representing routes bet\r,een rrrtes. 'l1le &JDt

Icrrcx is indqiol br'0. i = -. 
\{01 is the set of cu$onrer localions' Each rerlex i € :' has a dernand

g, z o on cach da1-. of thc planning horizon. a scnice tiflr 3, z 0. a lime \rirx'}orv [e" /'l' $'here e, is

the earliest IIIE scnice mal beginand /, is thc latcst time. and requires a fixed numbcr of lisitsf lo

be perlbrnrd according to one of thc allolrabte lisitdal- patterrts. I tirrrc sirlos specifi utg the-

interral rchicles leare and return to rlE deF)t is given bv le". /,r1. La K =ltt--kl bc lb tcf of

araitrt{o veiob of all typor. A llcet of ,, vchicles of cach t}'Pc. \'ith aapaci$- pr is based at thc

&fxrt
For cach rehiclc t e K . let 0r denote the caJncitl in seiglrt We assme the number of

rcticles e<1uals to thc nutnhcr ol'drl\ers. I)en('ttc thc \tl olz customers (/mx'lc$ t^ N = {l'2""',,)
Dcnotc thc dqnt t'r {0.2+l} liach rqhicte starts I'rom [0f and tcrminatcs at {rr+l} l',rtch

customgriENspccil-tcsasr,tol'd8\stohcrisitcd.(hcachdav-customerierVrc-quest$senic-€
silh dcrnan.l of gl in $cight. \\ithin trDrc \rrndo\i [q,b,]. Notc rftut' fi'r thc dcpot re{0'r+l}'lc

scr qj =0 t>-notc rhe ser of pret'erablc vehicles tirr r isiting custoru:r i t^, A, ( K, e K ) and the esba

scn ice tinr pct grallct tl e ifa customcr $ not lisitcd b] ' prol'erablc rchiclc'

l his notattons usr*i are grcn as lblloss :

Set:

Dl 'lhc set ol'intcnral drilcrs.
D[: 'l'he sct ofcxtcrnal dn\crs.
,) 'l1le sct of&ircni /) = I)1, U /)8.
r( 'l'he sct ol lchiclcs.

in rhich one must additrrnallv decide on the lleel comJnsition is knol-n as the
lleteroepneous Vehicle Routing ttoblem (HVRI') is rooted tn the seminal paper of lljl

publislrtLl m lgll'l and lrarc reccntlr crolrctl into a rich rcscirrch arca Ihcrc ha@ also hccn scr,cral

clilssrllcatrons ol lhc rssocralcr.l lttcraturc liom dlllcl'cnl l^-rsPcctt\cs IlJl prolidcd a gcncral

o\cr\ig\r of paF:rs
also $mpored the

sith a particular lncus on lowcr boudirg ter,hniqrcs and heurigios. The authtni
perfrxmance of existing tpuristics dev:ribed until 2m8 on berEhnatk instsnqls

Il5l presented a relie$ of exact algorithms an@ c(xllpdfison of their comptrtational performance on

lhe capscitated VRP ud HVRPs, tirile I l(rl rcvierved sereral aspe.ts of combined fleel

composition and rorning in maritirne and rood+os€d tr8rsporlstion. and afslrar-l.ladjafi

l
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A-,

'l hc set ofcusl{nrrrs
'l hc sct ol'cust(nncrs and JLtr)t -\i, = 10, ,, + I i U .\'.
'Ihc sct ol'prcl'crable \chicles li)r cuskmrcr i € .\'.

I'atamotcr

Qt

lo^ h'l

'l'he ar.ailable number of rchiclcs of hJrc k
'fhe \\eighl capacih ol'rchiclc t e r(.
'l'hc earlicst and l[r, latcst lisil tirnc at n(rlc i € 4,.
'fhc scight &mand of mxlc i e y'fo

'fhc stan tirnc and thc latq"il cnding tirnc oldrircr / e D

Ilick up quantin tirr custonrr i

Dcli\cn quantih lix custo[Er i

Fi\ql cost li)r cach t\ g: of r chiclc /r e K lrom rlcJx't

Trarclling crx( ol'rchiclc teK along thc cdgc (i...7r)e A

Cost duc lo thlj \.isit ofa cuslomcr tn mrn Jxclcrablc rchiclc ,t e r(
Cost tbr internal drrrer / e.D/ usinlL rchicle t e K
Cost lirr cxtcmal drircr /e DE using rchiclc keK

Co:,{ lo piok up a numbcr of quantitl li)r cuslomr 7elV usrng rehicle teK
Cost to &li\er a nulnber ol'quantltv li)r customcr ./ € lY using rehicle rt e K

q,

ls,.h,l
a,

p,

CVT

cv,\:

CVNT

cDri
cDEi
CPOI

CD4

Vanablcs

xi

vi

n
-t

E
tf

llinan ranablc indrcating slrcthcr rchrclc t e K tarcls li<rm nrxlc i e y'V,, to .7 e tY,,

Binan rariablc indicatirrg s{rcther cusl(nnLT i€lfi, is visitcd b\ a non-pcl'erable

\chlclc
'fhc [nlj at $hich rchiclc /rer( starts:icnicc at node i€jvo

Binaq rariable indicatinS \rlrcther \chiclc t e K is assigred to intenral driver / e 1)/

Ilinan rariable indicatinS \rhethly \chiclc t e K is assiEred to extcmal drircr / e I)E

Nunber ol-pick up dcrund nl'cuslomcr I Ix:nrrl tn lehrclc teK
Numhcr ol'dcllcrl dcmands ofcustuncr.i scned b1'rchiolc teX

Ihc uuthcnutical Iirnttulatrrut lirr thrs pt.t)hlcrn rs prcs!nlcd rs li)lk)\\s

uin f f ct"xi + L Z cvA:,r:, + f f crlv"' j + | f clri.r'i +

(l)
L Lc Dt :i zi + Zlc Pql o; + LZ(' D D: o',
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Subjccr b

Z'f, =t. VAeK (2)

(r,tI,i=,. v,€&,

ol'cach

Z,''i-I.4, =l: vreN,,.vke K (4)

I 1,,<M*' YkeK (5)

lxl,<t: YkeK

Vl' e K

((,

(7)I4'"
Cor$tmints

Lq,Zt,=q, Vke K (tl)

II'* =t Vi€-\-./€I

Vr€l-r€?;

Vf€,LreI

(e)

(lo)

(l l)

( l2)

T I !4 = tl,

ZZqit,sQ'

b,2l*2a, Vi€.\'. l€(r€ f,

I

.-

.lth lnlcmattmill Conlcrcncc ol1 t)f,cmlional Rcic:rrch (lntcrioR)

Constraint ( 5 ) rcFcscnls tha( cach lusknrx.:r ts scn e'd onlr b] thc ar-atlablc and act[ c \ qhiclc ol t] l^-
tn
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";. >t(8;.y'^)

4,,,<L{u}l;-y',)

YkeK^teT

Vf e1''.r€ f

YJ e N,t eT

Vj e N.t eT

(13)

( l4)

.r^t o'n = /li

( l5)

( l6)

( l7)

(18)

(19)

f*,f ,z'*,!, elo.l) v,.i€.\L/ eD. *eK.te7'
nn,u'",N,si>0 V,.l€$./€D,t€1{.r€f
epd, e10,L2,...1 vj e N -k e K.t eT

Constraints ( I I ) slate tlrat e.ch cu{orEr must be \.isitql tl .}ne rehicle on each of its deliren'
da\s. Constrairls ( l2) &fine shethcr rzch cu:ilomer is \isitql tl a prcltrablc lchiclc Constrainf,s (13-

l.l) gusrantee tlEt the vehiclc capaciiies are rcstrrted in both $qilht a l \oluntc.
Constraints (15-lO deft; the elapaed driling time. lvtrre specificalll. for rhc lehicle 1l)

tra, elling ltom customer i to./ oD dav ,. the elapsed &iri[8 tinE at7 equals the elapsed &il ing time at

i plus the &iling titrE til)m i tol (i.e.. u'N > uL + c,t ) ifthe rehiclc &)es n(rt takc a brcak al customcr

, (i.e - y'r = ()) Otlleflr ise. if the rphicle takes a trEak at ctlstonret i \i e.- /. = t 1- the elapsed &iring

tirE atl $ill be constrairEd bv (101 trhich make sure it is greater than or equal to ule tra\El tim€

betN.een i arxi,l (i.e.. rl1 ) o) ConsrainS ( I ?) guarantee that the elapsed driring tinle ncler exoeeds

an upper limit l. ['imgrsing a break at cuskrnxr i (i.e. /*= l) if &iving from custonEr i to its

sucEe*s{n rssults in a elaprsl driung titrE Sreatcr than l-.
constfaints (18) ictermine the time to stafl the sen icc at each c,sto[E. Ifl is l.isited

immcdiatch aller i, thc tinrc vlr to ston thc scn ict at -l should bc grcater than or cqual to thc s'cnice

startuB tirrE y',r 8t i plus its scn icc duration d,' . thc extra scn ice lime e ' p: il' i tr \.isitui hl an

inappropiatc rchiclc (i.c.. r" = I ). th9 tra\cl tinE bchreqr thc 1\o custonErs c'-, ' and the bfeak titrx:

(i it the drir cr talies a brcali altcr servirg / (i.c.. /* = I ). Con*roints ( 19) rnalie surc the scniacs slart

\r ithin tlrc customers- timc $ ifilorr
constraints (20-21) ensue that lhe stafting time and ending time (tf each n)ute must lie bet$ee[

the start $orking timc atul latcs( endlng ttnr ol ihc assrgned dnt.r. C'otlst!-alnLs (22) calculatc thc kltal

tra\cl tirne for iaoh intcmal &i\er' (ionstralnts (23) dclinc thc sorking duration for cach drircr on

crery sork&r. Nhich equals the tinrc thc drivsr rctums to ttrc depot minus thc tinE he/stre stads

.}-()ri. Co^t-lrt. (24; rnake slrc that ihc intemal &irers $ork ftr rxr mrrc than a ma\imum lr'cekl)'

,r"riil.g;;G. *f""",1 b as J7 *.eek-krur coniraints. Conslraints (25 - 2(r) &6rc the pck up and

a"iit'.+: ritt.r"t, *st(mer. conslraints (27-29) detinc the hinan'and fxlsrti\c larrables uxxl in this

lbrmulation.

3. Proposed Method
qr^t urnti f Ii't - t t 5) c\[xcss the &rlurc of thc r arlablcs ustd rn thc modcl

Let 
r= lrl +l o </< r

bc the (continuous) riolution of thc relaxerl pnit'lon. ltl is tt& inte8er comJbnent of n(rn-integer

variable -r and / is thc tiacttonal c(llnF)rletlt
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Stage l.
Step L (;et rort i'the sanallGl integer inlcrsibilitl-. slllh $at <J,. =n$tf,.l- I,l

(This choicc is nx)ti\atcd br the &sirc ti)r rnnimal &tcrioratxn in thc (*iccti\c linctlon.
a*I clearll.. conc'sJxrnds to thc i c!&T bdsic s ith s,rullcst inteter inlbasitihl) )

Stcp 2. Do a pricing rpcrurion

":. = e:.8 '

Step 3. Calculate q = rj.a,

With i oonespond:' t(,

tla ll
,",,,{t 'lt

tl".ll
Cllculatc lhc ma\imum lrlo\cfirenl ot'DonbasicT at loscr tnturd arxl upJrcr tnund
(Xhcn$l* go lo nc\l non-intcgcr nonbasic or suJrcrtrasic / (il alailable) l'lcntuall\ the

colurm/t is t(l he increas!'d lorm l-ll or dqcreasct lhrm (lB Iia(tnc 8() tone\ti*
Step 4.

Srrhc llar.= 14. lirr 4.
Step 5 l)o tatio t;:,it lilr thc basic variables in order to stal- l'easible drt to lhe releasing ofmrntrasicf'

liom tts tnunds.
Stcp (r [ixchange basis

step 7. Ifro\,'= l@| go b stage 2. othenrise
Repe{t liom step I

Stogc 2. Passl : arlust intcgcr id'elsible supcrbasics $ liuotional slcps k) rcaah complctc intcScr

ltrrsibililf .

Pass2 : arlust intcger f'easible st{*rtrasics lhe oblcctrre of thrs phus! is to conduct a hiShh

Ioraliued nciglttxrurlnxxl search l() \'crih l()cal oPlilnalit\

E Conc-trrlons
If,r" f"p.i rias intendctl to detclop cllicicnt tL'chtriquc lirr sohing onc of the rrrrst ccul(tmic

,,nJ*rrton"" pnblem. in optimiziltg trinlF)rtat.n arxl distribution-s'stclns' 'l'he aim of this pa*r *as

t. L'ekrp a nxt&l of lrcrn ic .ihi"l" 
-Routing 

rvith 'l-inr: Wirr.kxts. l;lcet antl l)rirer Schcdulr.g.

i;,"f-rp 
"lrJ 

O"f 
"",glhblcm 

l.his prohlcm his adtlilr.n,l c.nstrainr rrhroh is thc linula(rur rn thc

n,,mt.'. nt',, 
"hr"l", 

-llr pop.rs"\l al[orithm cnplo] s rcarest ncittrtxtr hcuristic algorithm f.r solviug

thc modcl. This algontlun otlcrs appropiatc solutions rn o \crJ $mall amount ()l'tirfl:

Refcrcnccr

i,t O Brir sr'. & (iendreau. M..2l(t5 l ehicle Routi"g I'mhle"t $ith 1'i"Er ll'in&tn's Part ll:
]leia!*uristics. 'franspo atirn Scicrrcc. JXl)'pp ltx-I I8'

t2l C,,xdcau. J. F. l-aporte- G.' Satclsberg}- M'W'F" & Vigo' D'' 2OO7 l'eht'le Routitrg' ht

Bamhan. C. antl Lapxtc. G.' etotir-s. Tro"sry)r"tlion' handbtxrks in Operatron Rcsesrch

and ManaBeinert Science. pp. 3fr?-'128 Nonh-tkrlland' Amstcrtlom

l3l (nrl&n, Il. t.'., n*"url" a. e. b Wasit. E' A ' 2(X)2 Routlrlg l'chicles in the real uorl'l:
- "ippirotiuro 
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