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GRACEFUL LABELING AND p EABELING ON
THE 8-BINTANG GRAPH

Z AMRI, T H HARAHAP, IRVAN

Abstract. gg'mph G = (W, E) s ordered sel IV a'udg, where V' is finile, non-
emply sel of objects called verlices or nodes, and F is the sel of arcs. Graceful
labeling s an injeclive function [ of the sel of vertices V' o the sel of numbers
{0,1,2,...|E|} which induces the bijectve funclion f‘ Sfrom the sel of are E fo
the set of number {1,2,. .. |E|}, where each are wv € E with node u,v € V apply
fluv) = gu] — flw)], is aligned with the varialions and modifications of graceful
labeling. e basic idea of constructing graceful labeling and p labeling on an 8-
Bintang graph begins with A-Bintang and H-Bintang. which 1s then referved lo as
a star alphabel graph with the question how if the number is given a star graph S,
then a graph constructed from 2 cucle graph where one verter of the circle graph
becomes the center of the graph while the other node 1s given graph Star Sw. In this
paper 15 gwen for 8-Bintang graph with Cy and Cy for n even.

1. INTRODUCTION

g graph @ is an ordered pair (V,E) with V being the set of nodes
or vertices and E is a set of multisets consisting of two elements namely
element V and element £ each called nodes and arcs. Labeling on a graph is
essentially giving a certain value to a node and or an arc that satisfies certain
rules as well. in [4] noted for the last 50 years until data dated November
13, 2010 there are 1198 articles that discuss about the various kinds of
labeling[3]. In general, Graceful labeling on graph G (V,E)is an injective
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function f of the set of vertices V to the set of numbers {0,1,2, ..., |2},
which induces the bijective function f from the set of EJ L to set of numbers
{1,2,...,|E|} Where each arc uv € E with the vertex uv € E apply f'(uv) =
|f(w) = f(v)][1,2,5,7].

Labeling g is a modification of the graceful labeling of the injective
function g of the set of vertices V' to the set of numbers {U. 1,2,...,|F|+ 1}
that induce the bijective function g from the set of arc E to set of numbers
{1,2,.., |E|} , where each arc uv € E with node w,v € V apply g(uv) =
lg(u)g(v)[[1,2,3.,5,7.

The cycle graph of length n is a graph with n vertices {v1, va, ... v}
and {viv2, V203, . .., Un_1)Un, UnUns1) }[6]. In Figure 1.1 we have examples
of circular graphs Cj5, Cy, C5.

Figure 1: Circular Graph (Cycle)

The S,, star graph is a graph constructed from a central node and then
adds a number of leaf nodes to the central node. The star graph has (n+1)
node and arc n.

Figure 2: Star Graph

The star graph is a subclass of a tree graph, since the star graph has
no circular subgraph.

The 8-Bintang graph with the builder C3 (Fig. 3) is a graph con-
structed from two cireular graphs Cy where one of the vertices of the circle
graph '3 becomes the center of the graph while the other node is given the
star S,.
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Figure 3: 8 — Bintang with Cj

The 8-Bintang graph with the builder Cy (Fig. 4) is a graph con-
structed from two circular graphs where one of the vertices of the circle
graph becomes the center of the graph while the other node is given the star
Sh.

Figure 4: 8 — Bintang with C4

So that can be given the definition of 8-Bintang graph is a graph built from
2 pieces of circle graph where one of the vertices of the circle graph becomes
the center of the graph while the other node is given the star graph 5,,.

2. GRACEFUL LABELING ONn 8-BINTANG GRAPH
In this section will be given graceful labeling construction on 8-Star graph.

Theorem 2.1 The 8-Bintang Graph with C's has a graceful labeling for n
even

Proof 2.1 Suppose the notation of the 8-Bintanggraph node with Cy is
given in Figure 5

In Figure.5 above shows that the set of 8-Bintang graph nodes is {co,c1,. . ., ¢4,
vl ool el R el ek ol L vk} and the arc set of 8-Bintang graph
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Figure 5: Notasi 8 — Bintang Graph with Cj

is {cger, c1ez, eacq, €oes, c3a, cacy, vl vl L evl v, e gl L g,
cavi, ... cqvi} so that the number of elements V and E are |V| = dn +5

and |E| = 4n + 6 respectively

Defined labeling by using the f notation for the node as follows:

fleg) =n+1 (1)
c1}=ﬂ [2}
flez) = 3n+6 (3)
Fles) = n+2 (4)
F(ei) =30+ 5 (5)
. (1]
floi)=4dn+4+6—1i; i=1,2,...,n (6)
f(-;qf):g; 221'2"”' (7)
3 nt2+2i i=12 %n
F(vi _{n+8+2r i=in+lgn+2,..., n (8)
4 [ nl42i i=12. . in+1
f{t"‘)_{ n+ 2+ 2 '£=%n+2,%n+3 ..... n (9)

The labeling | defined in equation (1) - (9), labeling each node member
of an 8-Bintang graph is an injective mapping from V to set {0,1,...,|E|}.
Each uwv € E are is labeled by the labeling of f', induced by the labeling of
vertices through the equation f'(uv) = |f(u)— f(vv)| On an 8-Bintang graph
expressed as follows:
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flleoer) = |feo) = fle)l = [(n+1) = (0)| =4 +1 (10)

flaer) = [f(er) = fle2)| = [(0) = (3n + 6) = 3n + 6 (11)

f'lezcy) = |f(e2) = fleo)l = (Bn +6) — (n+1)] = 2n +5 (12)

f'(eoes) = |fleo) = fles)] = [(n +1) = (n+2)] = 1 (13)

f'(eses) = [fles) = flea)] =[(n+2) = (Bn+5)| =2n+3  (14)

f'(eac) = [fles) = fleo)| = [(Bn +5) = (n+1)| =2n+4  (15)

Flerwd) = [f(e) - o)) = [(0)~(n+6-i)| =dn+6—i;  i=1,2,...n
16

Fex?) = |f(e) — Fuh)| = |G+ 6)— ()] =3n+6-i;  i=1,2,. E %
17

Since f (1.!?) has two conditions such as equation (8), the arc value
adjacent to the node f'(v}) can be expressed according to the conditions
specified in (8) fori = 1,2,..., 1/2n is oblained by the equation (18) and
for the condition kondisi i = 1/2n + 1,1/2n + 2, n we obtain the egualion
(19) below

Flesv?) = |fles)— f(o})] = [(n+2)— (n+2+24)| = 24; i=1,2,. %n

_ . g Y
F(esvd) = |F(es)— F(0D)] = | (n42) - (n+3+2i)| = 2i+1 i= FhFL S+,
(19)
Similarly to obtain f'(cyv}) with the conditions expressed in equation

(9). The arc f'(csv?) as in the following (20 - 21) equations

Fen) = 17(e0)~ FD)] = [(8n4+5) —~(n41420)| =20 i=1,2, . Zn+1
(20)

Fesvd) = |f(ea)— f(ud)] = |(Bn+5)—(n+242i)| = 2i+1 i = JTH2 o
(21)
Based on f labeling defined in equation (1) - (9) each vertex has a
different label and is a subset of numbers {0,1,2,...,|E|} and always does
not contain the node labeling 2n + 4 and 3n + 4. Then the labeling of f’
induced by the verter labeling f, gives different values to each arc as in (10)

- (21) which is the set of numbers {1,2, ..., |E|}. Based on the above resull,
then f is the graceful labeling on 8-Bintang graph with n even.
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Theorem 2.2 The 8 Bintang Graph with Cy has a graceful labeling

Proof 2.2 Suppose the notation of the 8-Bintanggraph node with Cy is
given in Figure.6

Figure 6: Notasi 8 — Bintang Graph with C}

In Figure.6 above shows that the set of 8-Bintang graph ﬂodf’s is {co,c1, - - ., Cq,

1 1,2 2 .3 3,4 5,5 5 .5
vl vk el R el el el o ed e e el vl ) and the are
1 1
set of 8-Bintang graph is {eyey, €1¢o, ea¢3, r;r(,,r(,q,qrq,rqr[,,q,q,,rl?'l,rlrz, ceey €10,
2 2 3 3 4 a 5
covd et eqvd el equd, o eqndesid o esnd egnt L egul ) so

that the number of elements V and E are |V| = 4n + 5 and |E| =4n+6
respectively

Defined labeling by using the f notation for the node as follows:

flep) =n+1 (22)

fler) =bn+8 (23)

fle2) =0 (24)

fleg) =2n+4 (25)

flea) =2n+3 (26)

fles) =2n+2 (27)

fleg) =bn+ 7 (28)

floly =4 i=1,2....n (29)
f{i'f):5n+8+a, i=12....n (30)
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fd)=2n+5+i i=1,2...,n (31)
floh) =3n+6+i; i=1,2...,n (32)
F0?) = 4dn + 6 44 i=1,2...,n (33)
f)=n+1+i i=12,...,n (34)

The labeling f defined in equation (22) - (34), will label each member
node of an 8-Bintang graph with a builder element c4 is an injective mapping
from V to set {0,1,...,|E|}. Each uv € E arc is labeled by the labeling of
f', induced by the labeling of vertices through the equation f'(uv) = | f(u) —
f(vv)| On the 8-Bintang graph expressed as follows:

Fleoer) = |fleo) = flen)| = |[(n+1) — (5n+8)| =4n +7 (35)

Fleren) = [F(er) = flen) = |(5n +8) — (O] =5n +8  (36)
f'(e2e3) = [f(e2) = fles)| = [(0) = (2n + 4)[ = 2n +4 (37)
['leseo) = |f(e3) = f(eo)| =[2n+4) = (n+1)[=n+3  (38)
f'(eoes) = [f(eco) = flea) = [(n+1) = (20 +3)[ =n+2  (39)
f'(eacs) = |f(ea) = fles)| = |(2n +3) = (2n +2)| =1 (40)
f'(eses) = |f(es) = fleg)| = [(2n +2) = (bn +7)| =3n+5  (41)
f'(esco) = [fleg) = fleo)| =[(Bn +T) = (n+1)| =4n+6  (42)
Fleed) = If(e) = f@h)] = [Gn+8) = @ =5n+8 -5 i=12...n
(43)
Fev?) = |f(@) = F@D)] = [(0)—(n+8+1)| = bnt8+i;  i=1,2,...,n
(41)
Flestd) = If(es)— J@D)] = |@n+4) — @nt540) = 140 i=1,2,...,n
(45)
F(ead) = |f(e) - F(0h)] = |@n+3)—(Bn6+7) = n4d3+i  i=1,2,...,n
(46)
flesv?) = |f(es)— f(02)] = | (2n+2)—(4n+6-+i)| = 2n+4+i;  i=1,2,...,n
| | (17
F'(esv?) = £ ()= f(0])] = |(5n+T)—(n+14i)| = dn+6—i;  i=1,2,...,n
(48)
Based on labeling f defined in equation (22) - (34) each vertex has a
different label and is a subsel of numbers {0,1,2,...,|E|} and always does

not contain the node 2n + 5 and 3n + 6 . Then labeling |’ induced by the
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labeling of node [ gives different values to each arc as in (35) - (48) which
is the set of numbers {1,2,..., |E|}. Based on the above results, then fis a
graceful labeling for 8-Bintang graph.

3. p LABELING 8-BINTANG GRAPH WITH ¢; FOR n EVEN
Corollary 3.1 The 8-Bintang graph with 3 consists labeling pfor n even

Proof 3.3 Suppose the 8-Bintang graph notation with Cs is shown in Fig-
ure. 5. Using the same way of graceful proofing of Theorem 2.1 defin-
ing the node g = [ labeling as equation (1)-(9) and arc labeling %v) ]
lg(w) = g(v)|, where wv € E with u,v € V we obtain the node labeling from
the 8-Bintang graph to the subset of numbers {0,1,2,...,|E| + 1}, and arc
labeling from the 8-Bintang graph to the set of numbers {1,2,...,|E|}. So
the 8-Bintang graph with Cy has labeling

Corollary 3.2 the 8-Bintang graph with ey is p labeling

Proof 3.4 Suppose the 8-Bintang graph notation with Cy is shown in Fig-
ure. 6. Using the same method of proof on Corollary 3.1 that will form p
labeling, which is constructed as equation (22)-(48).

4. CONCLUSION

In this paper we have given Graceful labeling and p labeling on 8-Bintang
graph constructed from 2 circular graph where one of the vertices of the
circle graph becomes the center of the graph while the other vertices is
given S, star graph. More generally it can be proved that 8-Bintang graphs
have graceful labeling and j labeling.
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